Dieudonné's theorem for non-additive set functions  by Ventriglia, F.
J. Math. Anal. Appl. 367 (2010) 296–303Contents lists available at ScienceDirect
Journal of Mathematical Analysis and
Applications
www.elsevier.com/locate/jmaa
Dieudonné’s theorem for non-additive set functions✩
F. Ventriglia
Dipartimento di Matematica e Applicazioni “R. Caccioppoli”, Complesso Monte S. Angelo, Via Cintia – 80126 Napoli, Italy
a r t i c l e i n f o a b s t r a c t
Article history:
Received 30 October 2009
Available online 22 January 2010
Submitted by B. Bongiorno
Keywords:
Quasi-triangular functions
s-Outer functions
Regular set functions
Exhaustive functions
Caﬁero theorem
Dieudonné theorem
A Caﬁero type criterion and an extension of the classical Dieudonné’s theorem for a class of
non-additive set functions valued into a complete Hausdorff uniform space are established.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
The classical Dieudonné’s theorem [11] asserts that a sequence of regular measures on a compact metrizable space,
which converges on open sets, converges on all Borel sets; moreover the measures are uniformly regular. Various extensions
to ﬁnitely additive functions deﬁned on a Boolean algebra have appeared in literature (see, e.g., [10,8,3,13,17,18] and the
references therein).
The recent interest for the study of non-additive functions deals many authors to investigate on the issue of whether
classical convergence theorems are available in such framework (see, e.g., [15,16,14,4,7,6]).
Here we furnish an improvement of Dieudonné’s convergence theorem for quasi-triangular functions. This is obtained by
introducing an algebraic deﬁnition of regularity, accordingly to Constantinescu [9], and then investigating the relationship
between uniformly exhaustivity and uniformly regularity, in the spirit of [2]. Such an approach allow us to state a Caﬁero
type criterion for uniformly quasi-triangular functions, which improves in particular the results from [10] concerning the
ﬁnitely additive case. As a consequence, an extension of the classical Dieudonné’s theorem for uniformly s-outer functions
is established.
The paper is organized as follows. After the preliminary Section 2, the notion of regularity of quasi-triangular functions is
the focus of Section 3. In Section 4 we prove our main results, whereas the ﬁnal Section 5 is devoted to showing conditions
ensuring that pointwise limit of sequences of quasi-triangular (resp. s-outer) functions inherits the same behavior.
2. Preliminaries
Throughout this note, A denotes an algebra of subsets of a set X and S = (S,U) is a complete Hausdorff uniform
space. Then F and G are a join semilattice and a meet semilattice of subsets of X , respectively, such that F ,G ⊆ A and
F∗ = {X \ F : F ∈ F} ⊆ G . Moreover, for any B ∈ A by AB we mean the trace of A on B , i.e. AB := {A ∈ A: A ⊆ B}.
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τ -neighborhoods, where τ is actually the topology generated by U .
A function μ : A → S such that μ(∅) = e, μ ∈ M[e] for short, is said to be:
(i) quasi-triangular if for every U ∈ U there exists some V = V (U ) ∈ U so that for every disjoint A, B ∈ A it holds(
μ(A), e
) ∈ V , (μ(B), e) ∈ V ⇒ (μ(A ∪ B), e) ∈ U ,(
μ(A), e
) ∈ V , (μ(A ∪ B), e) ∈ V ⇒ (μ(B), e) ∈ U ;
(ii) s-outer if for every U ∈ U there exists some V = V (U ) ∈ U so that for every disjoint A, B ∈ A it holds(
μ(A), e
) ∈ V ⇒ (μ(A ∪ B),μ(B)) ∈ U ;
(iii) F -regular in H ⊆ A if for every A ∈ H and U ∈ U there exists some F ∈ F so that F ⊆ A and (μ(Y ), e) ∈ U for every
Y ∈ AA\F ;
(iv) H-exhaustive, for H ⊆ A, provided limn μ(Hn) = e for every disjoint sequence (Hn)n∈N of H (exhaustive, for short,
when A-exhaustive).
Notice that in (i) and (ii) one may clearly assume that the entourage V = V (U ) is contained in U .
Quasi-triangular functions include, as particular cases, the measuroids introduced by Saeki in [19], k-triangular functions
studied by Pap in [18], and ⊕-decomposable functions considered by Weber in [21]. For more details see [5]. It is worth to
notice that in [5], in connection with the results of [12], it is proved in particular that: if μ is a quasi-triangular function
deﬁned in a Boolean ring with valued in an uniform topological space, then there exists a ﬁnitely additive function, acting
on the same Boolean ring with valued in some topological Abelian group, equivalent to μ. We remember that if φ and ν
are two functions deﬁned in a Boolean ring R with valued, respectively, in the topological spaces (S, τ ) and (S0, τ0) such
that φ(0) = e and ν(0) = e0, where e ∈ S and e0 ∈ S0 are ﬁxed, φ is said ν-continuous if and only if, for every U ∈ τ [e]
there exists some V ∈ τ [e0] such that ν([0,a]) ⊆ V implies that φ([0,a]) ⊆ U , where a ∈ R. Then φ is said to be equivalent
to ν if φ is ν-continuous and ν is φ-continuous.
Moreover, any s-outer function is actually quasi-triangular, but the converse fails, as shown in [5]. Finally, dealing with
a subcollection Φ of M[e], the notions of uniform quasi-triangularity and uniformly s-outer can be straightforward formu-
lated, so we leave it to the reader.
Now let us observe that, adapting the approach of [3] to our non-additive context, one easily gets:
Proposition 2.1. If μ : A → S is an F -regular function in A, then for every A ∈ A and U ∈ U there exists some G ∈ F∗ so that
A ⊆ G and (μ(Y ), e) ∈ U for every Y ∈ AG\A .
It allows us to determine a useful characterization of F -regularity for quasi-triangular functions as follows.
Proposition 2.2. Let μ : A → S be a quasi-triangular function. Then μ is F -regular in A if, and only if, for every A ∈ A and U ∈ U
there exist some F ∈ F and G ∈ F∗ such that F ⊆ A ⊆ G and (μ(Y ), e) ∈ U for every Y ∈ AG\F .
Proof. Assume that μ is F -regular in A. Given A ∈ A and U ∈ U , by (iii) and the previous proposition, one infers the
existence of some F ∈ F and G ∈ F∗ such that
F ⊆ A ⊆ G, (μ(Y ), e) ∈ V for every Y ∈ AG\A, and (μ(Y ), e) ∈ V for every Y ∈ AA\F ,
where V = V (U ) ∈ U corresponds to U because of (i). Since every Y ∈ AG\F may be expressed as Y = Y1 ∪ Y2, with
Y1 ∈ AA\F and Y2 ∈ AG\A , then the quasi-triangularity of μ implies that (μ(Y ), e) ∈ U .
The converse is trivial. 
3. Regular functions
In the sequel we always assume that F and G satisfy the following separation property (see [13]):
(P) for every F ∈ F and G ∈ G such that F ⊆ G there exist some H ∈ F and E ∈ G such that F ⊆ E ⊆ H ⊆ G .
The following results exhibit some interesting properties fulﬁlled by sequences of F -regular uniformly quasi-triangular
functions, showing in particular the relationship between the G-exhaustivity and the uniform F -exhaustivity.
Lemma 3.1. Let (μn)n∈N be a sequence of uniformly quasi-triangular and F -regular functions in A. If (μn)n∈N is uniformly G-
exhaustive, then (μn)n∈N is uniformly F -regular in F . That is, for every F ∈ F and U ∈ U there exists some G ∈ G so that F ⊆ G and
(μn(Y ), e) ∈ U for every Y ∈ AG\F and each n ∈N.
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of (μn)n∈N . One may clearly assume that W ⊆ V ⊆ U .
Since μ1 is F -regular in F , accordingly to Proposition 2.1, for any F ∈ F there exists some E1 ∈ G so that F ⊆ E1 and
(μ1(Y ), e) ∈ W for every Y ∈ AE1\F .
Suppose to have determined E2, . . . , En ∈ G and H2, . . . , Hn ∈ F such that for every i ∈ {1, . . . ,n− 1} it holds:{ F ⊆ Ei+1 ⊆ Hi+1 ⊆ Ei,(
μ j(Y ), e
) ∈ W ∀Y ∈ AEi\F , ∀ j ∈ {1, . . . , i}.
By the F -regularity of μ1, . . . ,μn+1, then there exist E ′1, . . . , E ′n+1 ∈ G such that for each j ∈ {1, . . . ,n+ 1} one has that
F ⊆ E ′j and
(
μ j(Y ), e
) ∈ W ∀Y ∈ AE ′j\F .
Moreover, using (P), one infers the existence of some E ′′ ∈ G and H ′′ ∈ F such that
F ⊆ E ′′ ⊆ H ′′ ⊆ En.
So, letting En+1 =⋂n+1i=1 E ′i ∩ E ′′ and Hn+1 = H ′′ , one yields that{ F ⊆ En+1 ⊆ Hn+1 ⊆ En,(
μ j(Y ), e
) ∈ W ∀Y ∈ AEn+1\F , ∀ j ∈ {1, . . . ,n + 1}.
Hence it is possible to construct inductively two decreasing sequence (En)n∈N in G and (Hn)n∈N in F such that{ F ⊆ Ei+1 ⊆ Hi+1 ⊆ Ei ∀i ∈N,(
μ j(Y ), e
) ∈ W ∀Y ∈ AEi\F , ∀i ∈N, ∀ j ∈ {1, . . . , i}.
Let us claim that there exists some i0 ∈ N so that (μn(Y ), e) ∈ V for every Y ∈ GEi0 \F and each n ∈ N. To see this, we
argue by contradiction. Assume that for every k ∈N there exist some Yk ∈ GEk\F and nk ∈N such that (μnk (Yk), e) /∈ V .
Since for each i ∈N one has that Yk = (Yk ∩ Hi+1) ∪ (Yk \ Hi+1) as well as (Yk \ Hi+1) ∈ AEi\F , one gets(
μnk (Yk \ Hi+1), e
) ∈ W ∀k ∈N, ∀i  nk.
Thus the uniform quasi-triangularity of (μn)n∈N implies that(
μnk (Yk ∩ Hi+1), e
)
/∈ W ∀k ∈N, ∀i  nk.
This enables us to construct two sequence of natural number (nkl )l∈N and (ikl )l∈N , the latter increasing, and a sequence
(Ykl )l∈N of G so that for each l ∈N it holds
Ykl ⊆ Eikl \ F and
(
μnk (Yk ∩ Hikl+1), e
)
/∈ W .
But it clearly contradicts the uniform G-exhaustivity of (μn)n∈N , ending the proof of the claim.
Now pick Y ∈ AEi0 \F . Then Proposition 2.1 tells us that for every n ∈N there exists some Gn ∈ G , which one may choose
contained in Ei0 \ F , such that
Y ⊆ Gn and
(
μn(T ), e
) ∈ V ∀T ∈ AGn\Y . (3.1)
Notice that for each n ∈N then Gn = Y ∪(Gn \Y ). Moreover, as Gn ⊆ Ei0 \ F , by the claim above one gets that (μn(Gn), e) ∈ V .
Hence, by (3.1), one may conclude that (μn(Y ), e) ∈ U for each n ∈N. 
Lemma3.2. Let (μn)n∈N a sequence of uniformly quasi-triangular andF -regular functions inA. If (μn)n∈N is uniformlyG-exhaustive,
then for every U ∈ U , F ∈ F and G ∈ G , with F ⊆ G, there exist some H ∈ F and E ∈ G , with F ⊆ E ⊆ H ⊆ G, so that (μn(Y ), e) ∈ U
for every Y ∈ AH\F and each n ∈N.
Proof. Given U , F and G as in the statement, applying Lemma 3.1 and (P) as well, then there exist some H ∈ F and
G0 ∈ G , which one may assume contained in G , such that
F ⊆ E ⊆ H ⊆ G0 ⊆ G and
(
μn(Y ), e
) ∈ U ∀Y ∈ AG0\F , ∀n ∈N.
Thus it suﬃces to observe that H \ F ⊆ G0 \ F . 
Lemma3.3. Let (μn)n∈N a sequence of uniformly quasi-triangular andF -regular functions inA. If (μn)n∈N is uniformlyG-exhaustive,
then (μn)n∈N is uniformly F -exhaustive.
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μk(Ck), e
)
/∈ U ∀k ∈N. (3.2)
Let V = V (U ) ∈ U , determined because of the uniform quasi-triangularity of (μn)n∈N . Consider a decreasing sequence
(Wn)n∈N of element of U , with Wn ⊆ V , so that for any n,k ∈N and disjoint sets A, B ∈ A it holds(
μk(A), e
) ∈ Wn+1, (μk(B), e) ∈ Wn+1 ⇒ (μk(A ∪ B), e) ∈ Wn,
and (
μk(A), e
) ∈ Wn+1, (μk(A ∪ B), e) ∈ Wn+1 ⇒ (μk(B), e) ∈ Wn.
Letting Fn := ⋃nk=1 Ck , it is clear that (Fn)n∈N is an increasing sequence in F . Hence, by Lemmas 3.1 and 3.2, one may
determine some H1 ∈ F and E1 ∈ G , with F1 ⊆ E1 ⊆ H1, such that(
μk(Y ), e
) ∈ W2 ∀Y ∈ AH1\F1 , ∀k ∈N. (3.3)
Analogously, for F2 ∪ H1 there exist some H2 ∈ F and E2 ∈ G , with F2 ∪ H1 ⊆ E2 ⊆ H2, such that(
μk(Y ), e
) ∈ W3 ∀Y ∈ AH2\(F2∪H1), ∀k ∈N. (3.4)
As
H2 \ F2 ⊆ (H2 \ F2 ∪ H1) ∪ (H1 \ F2) ⊆ (H2 \ F2 ∪ H1) ∪ (H1 \ F1),
then for every Y ∈ AH2\F2 one has that Y = Y ′ ∪ Y ′′ , where Y ′ ∈ AH1\F1 and Y ′′ ∈ AH2\(F2∪H1) . So, from (3.3) and (3.4) it
follows(
μk(Y ), e
) ∈ W1 ⊆ V ∀Y ∈ AH2\F2 , ∀k ∈N.
Now suppose to have determined E1, . . . , En ∈ G and H1, . . . , Hn ∈ F such that for each i ∈ {1, . . . ,n} it holds that
Fi ∪ Hi−1 ⊆ Ei and
(
μk(Y ), e
) ∈ Wi−1 ⊆ V ∀Y ∈ AHi\Fi , ∀k ∈N,
where H0 := ∅. Then, by Lemmas 3.1 and 3.2 one infers the existence of some Hn+1 ∈ F and En+1 ∈ G such that
Fn+1 ∪ Hn ⊆ En+1 ⊆ Hn+1,
as well as for each k ∈N it holds(
μk(Y ), e
) ∈ Wn ∀Y ∈ AHn+1\(Fn+1∪Hn).
Since
Hn+1 \ Fn+1 ⊆
(
Hn+1 \ (Fn+1 ∪ Hn)
)∪ (Hn \ Fn),
one deduces that(
μk(Y ), e
) ∈ Wn−2 ⊆ V ∀Y ∈ AHn+1\Fn+1 , ∀k ∈N.
Therefore one may construct two sequences (En)n∈N ⊆ G and (Hn)n∈N ⊆ F such that for each n ∈N it holds that
Fn ⊆ En ⊆ Hn ⊆ En+1,
and (
μk(Y ), e
) ∈ V ∀Y ∈ AHn\Fn , ∀k ∈N.
Let us observe that for each n ∈N one has
Cn+1 ⊆ En+1 \ Fn = (En+1 \ Hn) ∪ (Hn \ Fn).
So Cn+1 = Yn ∪ Tn , with Yn ∈ AEn+1\Hn and Tn ∈ AHn\Fn . Thus, applying Proposition 2.1 to μn+1 and Yn , one deduces that
there exists some E ′n ∈ G , that one may choose contained in En+1 \ Hn , so that
Yn ⊆ E ′n and
(
μn+1
(
E ′n \ Yn
)
, e
) ∈ W1.
As (En+1 \ Yn)n∈N is actually a disjoint sequence in G , then so is (E ′n)n∈N . Thus the uniform G-exhaustivity of (μn)n∈N
assures that there exists some ν ∈N such that
∀n ν: (μk(E ′n), e) ∈ W1 ∀k ∈N.
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implies that(
μn+1(Yn), e
) ∈ V ∀n ν.
Observing that Tn ⊆ Hn \ Fn , then it turns out that (μn+1(Tn), e) ∈ V and consequently(
μn+1(Cn+1), e
) ∈ U ∀n ν,
which contradicts (3.2). 
In the next result we show that the weak condition of G-exhaustivity is suﬃcient for a sequence of uniformly quasi-
triangular and F -regular functions in order to ensure its uniform exhaustivity on the whole A. Moreover, for a sequence of
uniformly s-outer functions, it actually guarantees its uniform F -regularity.
Theorem 3.4. Let (μn)n∈N be a uniformly G-exhaustive sequence of F -regular functions in A. Then:
(a) (μn)n∈N is uniformly exhaustive, whenever (μn)n∈N is uniformly quasi-triangular;
(b) (μn)n∈N is uniformly F -regular, whenever (μn)n∈N is uniformly s-outer.
Proof. (a) We argue by contradiction. Assume that there exist some U ∈ U , a disjoint sequence (Ak)k∈N in A and a sequence
of natural number (nk)k∈N such that (μnk (Ak), e) /∈ U for each k ∈ N. Then let V = V (U ) ∈ U determined because of the
uniform quasi-triangularity of (μn)n∈N . Since each μn is F -regular, one has that for every k ∈N there is some Fk ∈ F such
that
Fk ⊆ Ak and
(
μnk (Y ), e
) ∈ V ∀Y ∈ AAk\Fk .
Since for every k ∈N one can write Ak = Fk ∪ (Ak \ Fk), then the uniform quasi-triangularity of (μn)n∈N yields that(
μnk (Fk), e
)
/∈ V ∀k ∈N,
which clearly contradicts the uniform F -exhaustivity of (μn)n∈N guaranteed by an appeal to Lemma 3.4.
(b) Let U , V ∈ U , with V symmetric and V ◦V ⊆ U . Pick A ∈ A. As each μn is F -regular, one may construct an increasing
sequence (Fk)k∈N in F and a decreasing sequence (Gk)k∈N in G such that for every k ∈N:
Fk ⊆ A ⊆ Gk
and (
μn(Y ), e
) ∈ V ∀Y ∈ AGk\Fk , ∀n ∈ {1, . . . ,k}.
Since (Gk \ Fk)k∈N is a decreasing sequence in G , the uniform exhaustivity of (μn)n∈N stated in (a) implies that for any
Y ∈ A the sequence (μn((Gk \ Fk) ∩ Y ))k∈N is a Cauchy sequence, uniformly with respect to Y and n ∈ N. So there exists
some ν0 ∈N such that for every q ν0, n ∈N and Y ∈ A it holds that(
μn
(
(Gq \ Fq) ∩ Y
)
,μn
(
(Gν0 \ Fν0) ∩ Y
)) ∈ V .
Hence for each n ∈N and Y ∈ A, letting q :=max{n, ν0}, one obtains that(
μn
(
(Gq \ Fq) ∩ Y
)
, e
) ∈ V .
It allows us to conclude that(
μn
(
(Gν0 \ Fν0) ∩ Y
)
, e
) ∈ V ◦ V ⊆ U ∀n ∈N. 
4. Main results
Let us recall that a ring R is said to have the Subsequential Completeness Property (brieﬂy SCP) whenever every disjoint
sequence (Ai)i∈N of elements in R admits a subsequence (Aki )i∈N such that
⋃
i∈N Aik ∈ R. Then a meet semilattice L of
A is said to be a SCP-semilattice provided for every disjoint sequence (Ln)n∈N in L there exist a subsequence (Lkn )n∈N and
some SCP-ring R, which contains each Lkn and is contained in L.
Let us remark that, as any σ -complete meet semilattice is actually a SCP-semilattice, any topology on S is a SCP-
semilattice. Moreover, when (S, τ ) is an Alexandroff space (see [1]), then τ ∗ = {S \ T | T ∈ τ } is actually a SCP-semilattice.
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Theorem 4.1 (Caﬁero). Let (μn)n∈N be a sequence of uniformly quasi-triangular, F -regular and G-exhaustive functions in A. Under
the assumption that G is a SCP-semilattice, then (μn)n∈N is uniformly G-exhaustive if and only if
(C) for every U ∈ U and every disjoint sequence (Gk)k∈N in G there exist some ko,no ∈N such that(
μn(Gko ), e
) ∈ U ∀n no.
Proof. The necessity of the condition (C) is trivial.
For the suﬃciency, let us argue by contradiction. By passing to a subsequence if needed, one may assume that there
exist some Uo ∈ U and a disjoint sequence (Gk)k∈N in G such that(
μk(Gk), e
)
/∈ Uo ∀k ∈N. (4.1)
As G is a SCP-semilattice, then there exist a subsequence (Gkn )n∈N and a SCP-ring R containing each Gkn and contained
in G . Since the sequence of the restrictions of μk to R fulﬁlls the assumption of [4, Theorem 3.1] (see also [20]), such a
sequence is uniformly R-exhaustive. Therefore
lim
n
μk(Gkn) = e uniformly with respect to k ∈N,
which clearly contradicts (4.1). 
A straightforward consequence of the previous criterion is the following:
Corollary 4.2. Let (μn)n∈N be a sequence of uniformly quasi-triangular (s-outer), F -regular and G-exhaustive functions in A. Under
the assumption that G is a SCP-semilattice, then if (μn)n∈N converges pointwise to a G-exhaustive set function μ in G , then (μn)n∈N
is uniformly exhaustive (and uniformly F -regular on the whole A).
We remember that in [7] we have a generalizations of Brooks–Jewett Theorem for quasi-triangular functions (see also
[18, Theorem 12.4], where the theorem is proved for particular non-additive functions deﬁned in a D-poset). This is a
particular case of Corollary 4.2, when R = G .
We conclude this section proving a Dieudonné type theorem.
Theorem 4.3 (Dieudonné). Let (μn)n∈N be a sequence of uniformly s-outer, F -regular and G-exhaustive functions in A. Under the
assumption that G is a SCP-semilattice, if (μn)n∈N converges pointwise to a G-exhaustive set function μ in G , then (μn)n∈N converges
pointwise in the whole A to an s-outer, F -regular and exhaustive function.
Proof. Let U , V ,W ∈ U such that V ◦ V ⊆ U , and W ◦ W ⊆ V . Pick A ∈ A. As (μn)n∈N is uniformly s-outer, consider
W1 = V (W ). By Corollary 4.2, (μn)n∈N is also uniformly F -regular; thus there is some G ∈ G such that A ⊆ G and(
μn(Y ), e
) ∈ W1 ∀Y ∈ AG\A, ∀n ∈N.
Since G = A ∪ (G \ A) and (μn)n∈N being uniformly s-outer, then for every q, p ∈N one has that(
μp(G \ A), e
) ∈ W1, (μq(G \ A), e) ∈ W1 ⇒ (μp(G),μp(A)) ∈ W , (μq(G),μq(A)) ∈ W . (4.2)
Moreover, by the pointwise convergence in G of (μn)n∈N , then there is some m ∈N such that
∀p,qm: (μp(G),μq(G)) ∈ V . (4.3)
Therefore, combining (4.2) and (4.3) yields to the existence of some m ∈ N such that for every p,q  m it holds that
(μp(A),μq(A)) ∈ U .
So, we have proved that (μn)n∈N is a Cauchy sequence, then is pointwise convergent in G . The end of theorem follows
from the results shown in the next section. 
Appendix A
Proposition A.1. Let (μn)n∈N be a sequence of uniformly F -regular functions in A. If (μn)n∈N converges pointwise to μ in A, then
μ is F -regular.
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in A, there exists some G ∈ G such that
A ⊆ G and (μn(Y ), e) ∈ V ∀Y ∈ AG\A, ∀n ∈N. (A.1)
As (μn)n∈N converges pointwise to μ in A, then for every Y ∈ AG\A there is some nY ∈N such that
∀n nY :
(
μn(Y ),μ(Y )
) ∈ V . (A.2)
Combining (A.2) and (A.3) one may conclude that corresponding to any A ∈ A there is some G ∈ G so that A ⊆ G and(
μ(Y ), e
)= (μnY (Y ),μ(Y )) ◦ (μnY (Y ), e) ∈ U ∀Y ∈ AG\A . 
Proposition A.2. Let (μn)n∈N a sequence of uniformly quasi-triangular functions. If (μn)n∈N converges pointwise to μ in A, then μ
is quasi-triangular.
Proof. Let U , V ∈ U , with V symmetric and V ◦ V ⊆ U . Consider the entourage W = V (V ) ∈ U determined because of the
uniform quasi-triangularity of (μn)n∈N . So for every disjoint sets A, B ∈ A one has that for each n ∈N it holds that{(
μn(A), e
) ∈ W , (μn(B), e) ∈ W ⇒ (μn(A ∪ B), e) ∈ V ,(
μn(A), e
) ∈ W , (μn(A ∪ B), e) ∈ W ⇒ (μn(B), e) ∈ V . (A.3)
Now pick W1 ∈ U symmetric such that W1 ◦ W1 ⊆ W . By the pointwise convergence of μ in A, correspond-
ing to such W1 and disjoint A, B ∈ A, then one infers the existence of some indices nA,nB ,nA∪B such that for any
nmax{nA,nB ,nA∪B} one has that:(
μn(A),μ(A)
) ∈ W1, (A.4)(
μn(B),μ(B)
) ∈ W1, (A.5)(
μn(A ∪ B),μ(A ∪ B)
) ∈ W1. (A.6)
So, when(
μ(A), e
) ∈ W1 and (μ(B), e) ∈ W1,
taking nmax{nA,nB ,nA∪B}, then (A.4) and (A.5) imply that (μn(A), e) ∈ W and (μn(B), e) ∈ W . Hence the uniform quasi-
triangularity (μn)n∈N tells us that (μn(A ∪ B), e) ∈ V and, from (A.6), one has that(
μ(A ∪ B), e) ∈ U .
Analogously, when(
μ(A ∪ B), e) ∈ W1 and (μ(A ∪ B), e) ∈ W1,
from (A.4) and (A.5) it follows (μn(A), e) ∈ W and (μn(A ∪ B), e) ∈ W . Hence again the uniform quasi-triangularity (μn)n∈N
implies that (μn(B), e) ∈ V ; hence, by (A.5), one concludes(
μ(B), e
) ∈ U . 
Proposition A.3. Let (μn)n∈N a sequence of uniformly s-outer functions. If (μn)n∈N converges pointwise to μ in A, then μ is s-outer.
Proof. Let U ∈ U and V , V1 ∈ U symmetric such that V1 ◦ V1 ⊆ U and V ◦ V ⊆ V1.
For V ∈ U there exists V2 ⊆ V in U ; then as (μn)n∈N is uniformly s-outer for every disjoint A, B ∈ A one has that
∀n ∈N: (μn(A), e) ∈ V2 ⇒ (μn(A ∪ B),μn(B)) ∈ V .
Now consider a symmetric W ∈ U such that W ◦ W ⊆ V2. Then for W , V1, V ∈ U and every disjoint A, B ∈ A, because of
the pointwise convergence of μ in A, there exist nA,nB ,nA∪B such that for each nmax{nA,nB ,nA∪B} one has that:(
μn(A),μ(A)
) ∈ W , (A.7)(
μn(B),μ(B)
) ∈ V1, (A.8)(
μn(A ∪ B),μ(A ∪ B)
) ∈ V . (A.9)
F. Ventriglia / J. Math. Anal. Appl. 367 (2010) 296–303 303Therefore, for nmax{nA,nB ,nA∪B}, if (μ(A), e) ∈ W , then in view of (A.7) it holds(
μn(A), e
) ∈ W ◦ W ⊆ V2.
As (μn)n∈N is uniformly s-outer, then one obtains that(
μn(A ∪ B),μn(B)
) ∈ V ;
so from (A.9) one gets(
μn(B),μ(A ∪ B)
) ∈ V ◦ V ⊆ V1.
Hence one may conclude, using (A.8), that(
μ(A ∪ B),μ(B)) ∈ V1 ◦ V1 ⊆ U ,
i.e. μ is s-outer. 
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